In this article, a backstepping control scheme is developed for the motion control of a Three degrees of freedom (3DOF) model helicopter with unknown external disturbance, modelling uncertainties and input and output constraints. In the developed robust control scheme, augmented state observers are applied to estimate the unknown states, unknown external disturbance and modelling uncertainties. Auxiliary systems are designed to deal with input saturation. A barrier Lyapunov function is employed to handle the output saturation. The stability of closed-loop system is proved by the Lyapunov method. Simulation results show that the designed control scheme is effective at dealing with the motion control of a 3DOF model helicopter in the presence of unknown external disturbance and modelling uncertainties, and input and output saturation.
Introduction
In recent years, unmanned aerial vehicles (UAVs) have been widely developed in various academic fields due to their variety of applications in civil and military tasks. 1 Unmanned helicopters have advantages over other UAVs because of their unique features of hovering, vertical take-off and landing. In particular, image processing technologies can be introduced to improve the autonomy of the unmanned helicopter. [2] [3] [4] [5] [6] [7] However, the unmanned helicopter is a typical under-actuated multi-input-multioutput (MIMO) nonlinear system with coupling, nonlinearity, uncertainties and external disturbances. 8, 9 An effective flight control scheme is needed for the helicopter to ensure safe flight.
Up to now, many control methods have been applied to the flight control for the helicopters. Among earlier works, classical proportional-integral (PI) control systems have been used widely. 10 With more and more complex flight environments, the traditional control techniques are not effective at dealing with uncertainties and unknown external disturbances. Several robust adaptive control strategies have been proposed for the flight control of the unmanned helicopters. They include a nonlinear adaptive output regulator and a robust stabilizer, 11 an H 1 controller, 12 a novel nonlinear backstepping controller, 13 and so on. Although many works have focussed on flight control for helicopters, great challenges remain for the efficient flight control design of unmanned helicopters. In this article, the backstepping method 14, 15 is employed to develop flight control for a 3DOF model helicopter.
To better study flight control design for the unmanned helicopter, several experimental platforms for 1 Criminal Investigation Department, Nanjing Forest Police College, PR China 2 College of Automation Engineering, Nanjing University of Aeronautics and Astronautics, PR China 3DOF model helicopters were developed by Quanser Consulting and Googol Technology for laboratory use. 16 The 3DOF model helicopter, with degrees of pitch, the roll, and the yaw, is an effective device used to verify a variety of linear and nonlinear control methods for the development of a helicopter flight control method, and provide guidance for helicopter flight control study and design. 17 Two DC motors attached to propellers are used to generate a driving force. Three optical encodings are used to measure three angles: pitch angle, roll angle and yaw angle. However, the three angular velocities are not available directly. Furthermore, external disturbance usually exists for the 3DOF model helicopter due to the unknown work environment. At the same time, an exact model can not be established for the 3DOF model helicopter which leads to modelling uncertainties. Thus, the unknown external disturbance, modelling uncertainties and unmeasured angular velocities should be considered in the control design for the 3DOF model helicopter.
Recently, a number of works have proposed motion control schemes for 3DOF model helicopters. [18] [19] [20] [21] [22] [23] [24] [25] These include: investigation of a robust linear quadratic regulator (LQR) attitude controller for aggressive maneuvers for the pitch and rolling channels of a 3DOF helicopter; 18 a robust H1 attitude controller for pitch and rolling channels; 19 a nonlinear adaptive model following control based on parameter identification schemes; 22 and a nonlinear model predictive control (NMPC) method to control the elevation and travel of a 3DOF helicopter. 23 Each, however, is only designed for the pitch and roll channels, while the motion of the yaw channel also plays an important role in motion of helicopters. Subsequently, some researchers have paid attention to the motion of all three channels, including a new nonlinear asymptotic attitude tracking controller based on a nonlinear robust feedback and a neural network, without considering unknown external disturbances, for a 3DOF model helicopter and a hierarchical controller that achieves attitude tracking control for three channels. 24, 25 . Although these models obtain good performance, constraints on voltages within the motors and attitude angles were ignored in the designed control schemes.
Various works have addressed the input and output constraint in control systems, covering various systems. [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] A dynamic surface control (DSC) scheme has been proposed for a class of uncertain strict-feedback nonlinear systems in the presence of input saturation and unknown external disturbance. 24 Neural adaptive control methods have been presented for a class of nonlinear systems with actuator saturation. 25 An adaptive tracking control has been proposed for a class of uncertain MIMO nonlinear systems with non-symmetric input constraints. 27 A robust tracking control scheme based on the recurrent wavelet neural network disturbance observer (RWNNDO) and the backstepping technique has been developed for a class of uncertain MIMO nonlinear systems with input saturation and unknown external disturbance. 28 An adaptive fuzzy output feedback control has been investigated for a class of uncertain stochastic nonlinear systems with input saturation. 29 Adaptive dynamic surface control was discussed for a near space vehicle (NSV) with input saturation using a disturbance observer. 31 However, such robust control schemes should be further designed for the 3DOF model helicopter with input and output constraints.
The 3-DOF model helicopter platform used in this article is made by Googol Technology Ltd., as shown in Figure 1 . The whole system, which is a MIMO underactuated nonlinear system with unknown external disturbance and modelling uncertainties, is divided into two subsystems. One is the yaw channel, and the other is the pitch and rolling channels. The yaw channel chooses the roll angle as the virtual input. Due to the restraint of the rolling motion, the virtual input for the yaw channel cannot be changed on a large scale; that is, the attitude tracking control for the yaw channel is considered as an attitude tracking control with input constraint. The voltages of the two DC motors are considered as the input of the second subsystem. The attitude tracking control for the second subsystem is considered a control problem with input and output constraints.
Inspired by the above discussion, a backstepping control scheme is developed for the motion control of a 3DOF model helicopter with unknown external disturbances, modelling uncertainties and input and output saturation. Furthermore, the closed-loop system stability is proved by using the linear matrix inequality (LMI) [43] [44] [45] and Lyapunov method.
The remainder of this article is organized as follows. The model of the 3DOF model helicopter and an elaborate formulation of the control task under consideration are given in the 'Problem formulation' section. Next we outline the design procedure of an augmented state observer and the backstepping control scheme. Next, the feasibility of the proposed control approach is demonstrated by means of simulation results. Finally, we end with conclusions.
Problem formulation
The 3DOF model helicopter has three outputs: the pitch angle , the roll angle and the yaw angle '. The 3DOF model helicopter consists of two motors, a long arm, a helicopter frame, a counterweight and a base. The two motors, which are applied with voltages u d ðtÞ and u s ðtÞ respectively, are attached at the two ends of the helicopter frame. Due to the mechanical restraint, the two outputs, pitch angle and roll angle are constrained. The position of the roll angle can result in the moment of the yaw axis. 25 The attitude nonlinear dynamical model of the 3DOF model helicopter can be described as 46, 47 
Defining (1) can be rewritten as
(2) Remark 1. After designing a controller for the motion control of the 3DOF model helicopter, the control inputs u 1 ; u 2 are obtained. Then, the voltages of the 3DOF model helicopter are obtained as
All notations employed in above analysis are given in Table 1 . Equation (2) is an under-actuated system with two inputs: u 1 and u 2 , and three outputs: , and '. The motion of the yaw axis results from the motion of the rolling axis. It is difficult to design a controller to obtain good tracking performance of the three angles. In this article, the whole system is divided into two subsystems. One is the yaw channel as shown in (4), the virtual input of which is considered as the roll angle. The other comprises the pitch and rolling channels as shown in (5) .
3 which are composite disturbances. Equations (4) and (5) can be written as
Before the design of the control scheme, we give the needed assumptions and lemmas as follows:
where i are unknown positive constants.
Assumption 2. The roll angle is among ðÀ=2; =2Þ due to the mechanical limitation. Without loss of generality, it is assumed that ðtÞ 2 ðÀ=2 þ l ; =2 À l Þ, where l is a positive constant and satisfies 0 < l < =2. 46 Lemma 1. For bounded initial conditions, if there exists a C 1 continuous and positive definite Lyapunov function V ðxÞ satisfying 1 ðk x kÞ V ðxÞ 2 ðk x kÞ, such that _ V ðtÞ ÀγV ðxÞ þ o, where 1 ; 2 : R n ! R are class K functions and γ > 0; o > 0, then the solution xðtÞ is uniformly bounded. 27 For subsystem 1, defining
can be rewritten as External disturbance on the roll axis d 3 External disturbance on the travel axis D 1
Uncertainties of the pitch axis D 2
Uncertainties of the roll axis D 3 Uncertainties of the travel axis
u of the yaw channel is expressed as
where u M is the boundary of the virtual input " u, determined by the constraint of , which can be obtained by the real flight task, and v is the designed control input.
To efficiently tackle saturation satðvðtÞÞ in the backstepping control scheme, it is approximated by the following smooth function 35 :
The difference between satðvðtÞÞ and hðvÞ is
Since the bounded property of the tanh function and the sat function, the difference ðvÞ is bounded which satisfies the following condition: 35 jðvÞj ¼ j satðvðtÞÞ À hðvÞj u M ð1 À tanhð1ÞÞ ¼ 0 (13) where 0 is a known positive constant when the boundary u M is determined.
Remark 2. To tackle the control input saturation of the yaw channel, the saturation function is approximated by the tanh function in the backstepping control scheme design. To meet the controllable requirement, the difference between the designed control input " u and the actual control input hðvÞ should be bounded.
Considering the saturation characteristic, the uncertain nonlinear system (9) can be written as
Define " D ¼ " bðvÞ þ D 3 , which is the composite disturbance. Then, the equation (14) can be written as
The sin function is monotonic when 2 ðÀ=2; =2Þ. The roll angle is in one-to-one correspondence with " u and hðvÞ. The constraint of " u can be obtained based on the constraint of ðtÞ. The desired tracking roll angle can be obtained by
For a practical system, the time derivation of satðvðtÞÞ is bounded when the actuator is determined. 41 Based on Assumption 1, it is obvious that the time derivation of equivalent disturbance _ " D is bounded. We can obtain that
where & is a unknown positive constant. For subsystem 2, invoking (5), defining
Remark 3. Due to the mechanical limitation, the roll angle is among ðÀ=2; =2Þ. The inverse of gðY Þ exists.
Due to the input constraint, one has the actual input as
where u jmin ! 0; u jmax ! 0; j ¼ 1; 2 are the boundary of the control input u j .
Assumption 3. For the MIMO nonlinear system (18), the differences Du j between real inputs u i ð" v j Þ and control inputs " v j are bounded with 
we can obtain the equivalent conditions as
where S 11 2 R rÂr ; S 22 2 R mÂm ; S 12 2 R rÂm ; S 21 2 R mÂr . 48 Based on the Assumption 1, it's well known that D satisfies
where is a unknown positive constant.
The roll angle is considered as the virtual control input of the yaw channel. Because of the constraint of pitch angle, roll angle and voltages of motors, it's necessary to take consideration of the input constraint for subsystem 1 and input and output constraint for subsystem 2. In this article, the pitch angle , the rolling angle and the yaw angle ' are the outputs. The control objective is to design an augmented state observer based backstepping control scheme for two subsystems to ensure the attitude angles ; ' to track the desired d ; ' d with unknown external disturbances, modelling uncertainties, and input and output constraints, and to track the virtual control input of the yaw channel with the unknown external disturbances, modelling uncertainties and input constraint.
Remark 4. Throughout this article, ð_ Þ ¼ ð " _ Þ À ðÁÞ, jj Á jj denotes the l 2 norm, minðÁÞ denotes the minimum of the Á, and λ min ðÁÞ and λ max ðÁÞ denote the smallest and largest eigenvalues of a square matrix Á, respectively. logðÁÞ represents the natural logarithm of Á.
Control scheme design
In this section, observer based backstepping control schemes are designed for the subsystem 1 and subsystem 2, respectively. Figure 2 shows the block diagram of the control scheme. An augmented state observer is employed to estimate the unknown composite disturbance and unknown states. Two backstepping controllers are designed to deal with the motion control for subsystem 1 with input constraint and subsystem 2 with input and output constraints.
Control scheme design for subsystem 1
In this section, an augmented state observer based backstepping control scheme is designed to make the yaw angle track the desired one. 49 The control input for the yaw channel represents the desired roll angle.
Augmented state observer design for subsystem 1. In this section, an augmented state observer is designed for the yaw channel to estimate the unmeasured states and the unknown composite disturbance.
Defining
can be rewritten as
Define "
x ¼ ½x 3 x 4 x 5 T . Then, (22) can be expressed as
where " A ¼ The augmented state observer is given as
where Ä ¼ Comparing (23) with (24), we have the time derivation of estimation error as
where" x ¼ "
x À" x is the estimation error of augmented state observer.
Based on (25), we can choose a suitable vector Ä to make "
A À Ä " C a Hurwitz matrix. Then, for any given positive matrix " Q 2 , there always exists a positive symmetric matrix " P 2 to make Choose the Lyapunov function for the augmented state observer as
The time derivation of (27) is given by
Based on Lemma 1 and (28), choosing a suitable matrix " P 2 ; " Q 2 to make
then the state estimation errors" x can be converged into a small neighbourhood. Equation (29) is equal to
Based on Lemma 2, (30) can be rewritten in the LMI form as
Backstepping control scheme with input constraint for subsystem 1. The backstepping control scheme based on the estimate values for the unmeasured states and unknown composite disturbance for the yaw channel with input constraint is developed in this section. Define a dynamic system shown as 41
where 1 > 0 and 2 > 0 are parameters to be designed.
Step 1: Defining desired yaw angle "
we have the tracking error as
The time derivation of (33) is given by
where " is the virtual control which will be given later. Consider the following Lyapunov function candidate:
The virtual control " is given as follows
where % 1 is a parameter to be designed. The time derivation of (36) is given by
Step 2: The time derivation of (35) is
Consider the following Lyapunov function candidate:
The time derivation of (40) is given by
The control law is designed as
where % 2 > 0 is a parameter to be designed. The desired roll angle can be obtained from (11) and (16) . Substituting (42) into (41), one has
Choose the whole Lyapunov function as
The time derivation of (44) is given by
where M ¼ " ;
Based on Lemma 1, we can choose suitable parameters to make λ min ðMÞ > 0
then all signals for the whole system are semiglobally uniformly bounded when t ! 1.
Based on (31) and (46), when choosing suitable parameters and adjustable parameters to meet (46) , condition (31) is satisfied.
On the other hand, λ min ðMÞ > 0 is equal to By solving (47), we can obtained the observer gain as Ä ¼ "
Choosing suitable control parameters to meet the rest condition in (46) , the whole states in subsystem 1 are stable.
Control scheme design for subsystem 2
In this section, an augmented state observer based backstepping control scheme is designed in detail to deal with the motion control for the pitch and rolling channels with input and output constraints of the 3DOF model helicopter.
Augmented state observer design for subsystem 2. Considering the composite disturbance as an augmented state of the system, an augmented state observer is applied to estimate the unknown angular velocities and composite disturbance.
Choosing the state vector as X ¼ ½X 1 X 2 X 3 T , from (48), one has
where The augmented state observer is given as
where L ¼ ½ " l 1 " l 2 " l 3 is a designed parameter and " l i 2 R 2Â2 ; i ¼ 1; 2; 3.
Comparing (49) with (50), we have the state estimation error equation as
whereX ¼ X ÀX is the state estimation error. From (51), we can choose a suitable matrix L to make A À LC a Hurwitz matrix. Then, for any given positive matrix Q, there will always be a positive symmetric matrix P such that P T ðA À LCÞ þ ðA À LCÞ T P ¼ ÀQ (52)
Choose the Lyapunov function for the augmented state observer as
The time derivation of (53) is given by
where k 6 > 0 is an adjustable parameter, γ 1 ¼ λ min ðQ À 1 k 6 P T PÞ, o 1 ¼ k 6 2 . Based on Lemma 1 and (54), choosing a suitable matrix P; Q and k 6 to make Q À 1 k 6 P T P > 0 (55) then the state estimation errorsX is uniformly bounded. Similarly, (55) is equivalent to
Backstepping control scheme design for subsystem 2. A barrier Lyapunov function (BLF) is applied so as to deal with the output constraint. Before the design of control scheme, the definition of a BLF is given as follow: where :¼ ½w; z 11 T 2 @ is the state, and the function h : R þ Â @ ! R lþ1 is piecewise continuous in t and locally Lipschitz in z 11 , uniformly in t, on R þ Â @.
Suppose that there exist continuously differentiable and positive definite functions U : R l ! R þ and V 1 :
with γ 1 and γ 2 as class K 1 functions. Let V ðÞ :¼ V 1 ðz 11 Þ þ U ðwÞ, and z 11 ð0Þ 2 ℘ 1 . If the inequality holds
in the set 2 @ and ; λ are positive constants, then w remains bounded and z 1 ðtÞ 2 ℘ 1 ; 8t 2 ½0; 1Þ. 51 The desired roll angle is obtained in the above section, d ¼ arcsinðhðvÞÞ. In this section, a backstepping control scheme based on the estimated values is applied for the pitch and rolling angles to track the desired angles
; is a virtual control function which will be given later and " λ is an auxiliary variable in an auxiliary system used to deal with the input constraint. The auxiliary system is designed as
where " is a parameter to be designed,
To effectively deal with the output constraint, choose the asymmetric BLF as
where K b > 0 is the boundary of Z 1 , K b ¼ ½ K 1b K 2b T , jz j1 j < K jb ; K jb ¼ K ic À " D j0 ; K jc > 0 is the boundary of the attitude angles, and jy j j < K jc ; " D j0 > 0 and K jc are known constants.
Step 1: Invoking (49), the time derivation of (60) is
The derivation of (63) is given by
Due to
and
where k 9 > 0; k 10 > 0 are parameters to be designed. Taking (66) and (67) into (65), one has
The virtual control input is designed as
where K 1 > 0 is a diagonal matrix to be designed. Invoking (69) into (68), we have
Step 2: Based on (50), the time derivation of (61) can be written as
The derivation of (69) is given by where K 2 > 0 is a diagonal matrix to be designed.
Substituting (78) into (77), we have
Choose the whole Lyapunov function for subsystem1 as
The time derivation of (80) is given by
and cos' is bounded, gðY Þ is bounded and satisfies
where $ > 0 is an unknown constant. Equation (81) can be rewritten as 
If the suitable parameters are chosen to meet the condition (85), then the condition (56) can be guaranteed. By solving (85), the observer parameters are obtained as L ¼ P À1 P. Then, we can choose other suitable parameters to meet the rest conditions in (84).
Choose the total Lyapunov function for the whole system as
The time derivation of (86) is given by
Based on Lemma 4 and (87), the whole system of the 3DOF model helicopter can be semiglobally uniformly ultimately bounded. Then, jz j1 j < K jb , based on Assumption 4 and jy j j ¼ jZ j1 þ y jd j jZ j1 j þ jy jd j < K jb þ D j0 ¼ K jc . Thus, the pitch angle and roll angle are restrained in the given range.
Simulation results
In this section, simulation results of the backstepping control strategy for the three channels of the 3DOF model helicopter with input and output constraints are given to illustrate the effectiveness of the developed control strategy.
The 3DOF model helicopter is given by (1) and its coefficients can be obtained from the guidance for the GHP2002 3DOF model helicopter. So as to avoid overturning during flight, 22 the constraint of the roll angle can be chosen as M ¼ 0:5206 Â 57:3 . The constraint of " u can be set as u M ¼ sinð0:5206 Â 57:3 Þ. The initial value of the three angles are 0 ¼ 0:05 ; 0 ¼ 0:52 Â 57:3 ; ' 0 ¼ 0 . The initial value of the three angular velocities are
The desired tracking angles are chosen as
The desired roll angle ' d is obtained by the yaw channel, and the equivalent disturbances are assumed to be To proceed with the design of nonlinear disturbance observer-based backstepping scheme, all design parameters are chosen as shown in Table 2 
Under the proposed backstepping control scheme (24), (42), (49) and (74), simulation results are shown in Figures 3-15 . Figures 3-15 show the three attitude angle's output curves under the developed control scheme. It is obvious that the angles ; can effectively track the desired angles d ; d . One can see that the rolling angle tracks the reference generated by the tracking error of the yaw angle well. The control design for the yaw channel is effective at dealing with input constraint in Figure 6 . v represents the input without taking the constraint of the roll angle into consideration, and gðvÞ is the control input for the yaw channel taking the constraint of roll angle into consideration as well as the desired tracking roll angle for the roll channel. È d is obtained from gðvÞ. It is obvious that the augmented state observer can effectively estimate the unknown external equivalent disturbance based on Figures 7-9. Figure 10 -12 represent the estimation curves for the three attitude angles. One can see that the augmented state observer is adequate at estimating the unknown states. Figures 13-14 Figure 5 . Output for the yaw channel. represent the control inputs. One can see that the control inputs are within the limits of the 3DOF model helicopter. Figure 15 shows the convergence of the tracking errors of the pitch and rolling channels. It is obvious that the designed control scheme is effective at dealing with the tracking control problems of the 3DOF model helicopter.
Based on Figures 3-15 , we can see that the designed backstepping control scheme is valid for the attitude tracking control of the 3DOF model helicopter with uncertainties, unknown external disturbances and input and output constraints.
Conclusion
In this article, a backstepping control strategy has been developed for the 3DOF model helicopter. To design the backstepping control scheme, the under-actuated model of the 3DOF model helicopter has been divided into two subsystems. One is the yaw channel, with its virtual input considered to be the roll angle, and the other comprises the pitch and rolling channels. Both models of the two subsystems are nonlinear systems with modelling uncertainties and unknown external disturbance. The equivalent disturbance, including the unknown external disturbance and modelling uncertainties, is considered an augmented state. Augmented state observers, which are easily implemented using hard-ware, are applied to the two subsystems to estimate the unmeasurable states and the equivalent disturbance. A backstepping control scheme employing a BLF is developed to achieve tracking control performance for the pitch and rolling channel with constrained output. At the same time, the auxiliary systems are employed to deal with the input constraint. Simulation results verify that the developed control strategy is effective for the three attitude angles to track the desired angles.
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